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Abstract
A semi-total colouring, , of a graph G with maximum degree  uses  + 1 colours and has the properties of a total colouring
except that adjacent vertices need not have distinct colours.A beta edge is an edge v1v2 such that (v1)=(v2). The beta parameter
of G, (G), is the minimum number of beta edges in any semi-total colouring of G.
A critical edge of G is an edge whose deletion reduces the total chromatic number of G to + 1. We derive the beta parameters
of cycle and complete graphs; a quadratic bound for  in terms of  for any graph with a critical edge; and a log-linear bound for
any graph with a critical edge that is not contained in any triangle.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
The graphs considered here are simple and connected. The vertex and edge sets of such a graph G are denoted by
V (G) and E(G), respectively; the elements of G are the elements of V (G) ∪ E(G). Where an edge is incident with
vertices v1, v2, we denote it by v1v2.
The total chromatic number, T (G), of G is the least number of colours required to colour the elements of G so that
no two adjacent or incident elements receive the same colour.
In 1965 and 1968 Behzad [1] and Vizing [3] independently conjectured that, for any graph G,
(G) + 1T (G)(G) + 2,
where (G) is the maximum degree of any vertex of G. A graph G is said to be of type 1 if T (G) = (G) + 1 and of
type 2 otherwise (it is clear that T (G)>(G)).
Throughout the paper, we abbreviate the notation (G) to . A semi-total colouring of G is a function  from the
elements of G to the colour set {1, 2, . . . , + 1}, such that any two adjacent edges have distinct colours and every
vertex has a colour distinct from those of its incident edges. The concept is similar to total colouring except that we
do not require adjacent vertices to have distinct colours. The requirement to use exactly + 1 colours arises because
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clearly at least that many are required, and byVizing’s theorem [2],G has an edge colouring with at most+1 colours,
so that there is then at least one colour available for each vertex. Thus every graph has a semi-total colouring.
In studying the total chromatic number of G, it is useful to ask: ‘how close can a semi-total colouring of G be to a
total colouring?’More precisely, a beta edge of G (with respect to a semi-total colouring ) is an edge v1v2 such that
(v1) = (v2). We deﬁne () to be the number of beta edges with respect to the colouring , and then the ‘closeness
parameter’, or beta parameter, (G), is deﬁned as follows:
(G) = min{():  is a semi-total colouring of G}.
In particular, (G) = 0 if and only if G is of type 1.
2. Cycles and complete graphs
It is well known (see [4, Exercise 1.1 and Theorem 3.1]) that a cycle graph is of type 1 if and only if its order is a
multiple of 3, while a complete graph is of type 1 if and only if it is of odd order. We now ﬁnd the beta parameters of
the type 2 cycles and complete graphs.
Theorem 1. If n ≡ 1 or 2 (mod 3), then (Cn) = 2.
Proof. Let  be a semi-total colouring of Cn. Give labels p1, p2, . . . , p2n to the elements of Cn in cyclic order, so that
some vertex v1 is labelled p1; an incident edge v1v2 is labelled p2; v2 is labelled p3; etc.
Assume without loss of generality that (pi) = i (i = 1, 2, 3).
If none of the edges p2, p4, . . . , p2n−2 is a beta edge, then the colours continue to be allocated cyclically so that
(pj ) = i, where j ≡ i (mod 3), for 1j2n − 1. Assuming that n ≡ 0 (mod 3), then (p2n) = 3 and we have
(Cn)= 0. However, if n ≡ 1 or 2 (mod 3), then p2n cannot be allocated a colour since all three colours are present on
the incident and adjacent elements. (Fig. 1 illustrates the cases n = 7, 8.)
Thus Cn cannot have a semi-total colouring where all but one of the edges is a beta edge. Consequently, (Cn)> 1
in these cases.
If n ≡ 2 (mod 3), then we may set (p2n−1) = 1 and (p2n) = 3, while if n ≡ 1 (mod 3), we may set (p2n−3) = 3,
(p2n−2) = 2, (p2n−1) = 1 and (p2n) = 3. Thus (Cn) = 2 in both these cases. 
Theorem 2. If n is even, then (Kn) = n/2.
Proof. A semi-total colouring  of Kn may be represented by a symmetric n × n latin square L = {Lij } with symbol
set S = {1, 2, . . . , n}, where (vivj ) = Lij = Lji (i = j) and (vi) = Lii ; moreover, any symmetric n × n latin
square represents a semi-total colouring of Kn. In particular, consider the cyclic latin square given by Lij = k where
i + j −1 ≡ k (mod n). The colours 1, 3, . . . , n−1 each occur twice on the diagonal of L, and so (Kn)n/2. To show
that (Kn)=n/2, we establish that there can be no symmetric latin square A with more than n/2 distinct entries on the
diagonal. Since n is even, each symbol occurs an even number of times. Since A is symmetric, each symbol also occurs
1 2
3
1
2
3
12
3
1
2
3
p1
p2
p3
p4p12
p13
p141
p1 p2
p3
p4p14
p15
p16
1 2
3
1
2
3
1
231
2
3
1
2
3
Fig. 1.
942 J. Williams, F. Holroyd / Discrete Mathematics 308 (2008) 940–954
in an off-diagonal position an even number of times. Hence, every symbol occurs on the diagonal an even number of
times. Thus, as required, there cannot be more than n/2 distinct diagonal entries. 
3. Graphs with critical edges
3.1. Statement of main results
Given a graph G, we shall now be concerned almost entirely with the graph G − e formed from G by deleting the
edge e = v1v2. We add spines s1, s2 to the vertices v1, v2, respectively; these are also regarded as elements of G. Such
objects are sometimes described as dangling edges or semi-edges in the literature; each spine is incident with just one
vertex, and the edge e may be reconstituted by splicing s1 and s2 together. Once such an edge e has been chosen, we
refer to the vertices v1, v2 and their incident spines as the central elements, and to the vertices adjacent to v1 and v2 as
satellite vertices. The edges joining the central to the satellite vertices are said to be linking edges.
The concepts of semi-total colouring and beta parameter extend to the spined graph, which by a slight abuse of
terminology we still refer to as G − e; we now require that for i = 1, 2 the spine si acquires a colour that is distinct
from those of vi and its incident edges. Clearly any edge-colouring of G − e (using at most + 1 colours) extends to
a semi-total colouring that includes the spines. A semi-total colouring  of G− e in which (s1)= (s2) is said to be a
G-colouring (because the spines may be rejoined to form a semi-total colouring of G). If e= v1v2 is an edge of a graph
G, then e is a critical edge of G if T (G)>+1 and T (G− e)=+1. In addition, e is said to be non-triangular if it
does not lie on a triangle (equivalently, the neighbourhoods of v1 and v2 are disjoint). Our main results are as follows.
Theorem 3. If = 3 and G has a critical edge, then (G)3.
Theorem 4. If 4 and G has a critical edge, then
(G) 12 (
2 − 3) ( odd),
(G) 12(− 1) ( even).
Theorem 5. If 4 and G has a non-triangular critical edge, then
(G)(− 3) log2(+ 1) + 34+ 5.
The proof of Theorem 3 is at the end of this section; those of Theorems 4 and 5 are in the, respectively, numbered
sections.
3.2. Kempe chains
We now deﬁne some notation and terminology, that allows us to manipulate semi-total colourings of the graph
G − e = G − v1v2.
First, if G is any graph that is not vertex-regular, we attach to each vertex of degree − d, a set of d spines. (We use
the same symbol, G, for the graph so formed.) This has the effect that, if  is a semi-total colouring of G, then at each
vertex all + 1 colours are present either as the vertex colour or as the colour of an incident element.
Now let G (or G − e) have a semi-total colouring ; let the vertices be labelled v1, . . . , vn; and let p, q be two of
the colours. A (p, q) Kempe chain with respect to  is a sequence of elements of G such that:
1. each element after the ﬁrst is incident with or adjacent to the previous element;
2. the elements are coloured alternately p and q (starting with p);
3. each end of the sequence is a vertex or a spine and the intermediate elements are edges.
We denote such a chain, starting at vi or an incident spine and ending at vj or an incident spine, by i[p, q]j .
For example, consider a graph G − e = G − v1v2, with a total colouring , part of which is shown in Fig. 2; the
central spines have been labelled s1, s2 and certain of the vertices have been labelled v1, . . . , v5.
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There is a (2, 3) Kempe chain from s1 to s2, denoted by 1[2, 3]2; a (1, 3) chain from v1 to s2, denoted by 1[1, 3]2;
and a (4, 5) chain from v3 to v4, denoted by 3[4, 5]4.
The technique of supplying vertices with spines where necessary ensures that, given any vertex vi and any two
colours p, q such that p is the colour of vi or an incident spine, there is a unique vertex vj (not necessarily distinct
from vi) such that i[p, q]j is a Kempe chain.
AKempe exchange is the operation of exchanging the colours on a chain, and is shown additively using round brackets;
for example, the colouring that results from applying the exchange 1[2, 3]2 in Fig. 2 is denoted by + 1(2, 3)2. Once
this exchange has been peformed, there is now a chain 2[2, 5]5; we add from left to right, so that the colouring that
results from performing ﬁrst the (2, 3) then the (2, 5) exchange is denoted by + 1(2, 3)2 + 2(2, 5)5. This colouring
is shown in Fig. 3.
A Kempe exchange that merely exchanges a vertex colour with that of an incident spine (in particular, 1(1, 2)1 and
2(3, 4)2 in the graph of Fig. 2) is said to be a ﬂip.
In a (total or semi-total) colouring  of G − e, the number of neighbours w of a vertex vi such that (w) = j will
be denoted by cij , or cij () where necessary.
Let e= v1v2 be a critical edge of a graph G. The technique used in proving the main results consists in taking a total
colouring  of G − e; performing Kempe exchanges until s1 and s2 share a colour; and then bounding the number of
beta edges that can occur.
3.3. Central colours not distinct
Lemma 6. Let 3 and suppose there is a total (+ 1)-colouring  of G− e such that (v1), (s1), (v2) and (s2)
are not all distinct. Then (G).
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Proof. If(s1)=(s2), then the colouring is already aG-colouringwith1.Thuswemay assume(s1)=1, (s2)=2,
giving four possible cases up to colour permutation, as follows.
Case 1: (v1)=2, (v2)=1. This can be converted into a G-colouring by a single ﬂip at either central vertex, giving
(G).
Case 2: (v1) = 2, (v2) = 3. This can be converted into a G-colouring by a single ﬂip at v1, giving (G)− 1.
Case 3: (v1) = 3, (v2) = 1. This is similar to Case 2.
Case 4: (v1)=(v2)=3. In this case, applying both ﬂips, we have the G-colouring =+ 1(3, 1)1 + 2(3, 2)2.We
have c11− 1, c22− 1. (We do not need to specify the colouring to be  or  since no vertex other than v1, v2
changes colour.) There are no other beta edges; thus (G)2(− 1). This bound may be improved as follows.
With respect to  there is a (1, 2) Kempe chain 1[1, 2]x ending at some vertex vx .
If vx = v2, then the G-colouring  =  + 1(1, 2)x has at most  − 1 beta edges at vx and e is a beta edge. There
are no others. Thus, ().
Alternatively, if vx = v2, then let  =  + 1(1, 2)2. We have c12 − 1, c21 − 1 and there are no other beta
edges. Thus, (G) 12 (() + ()) = 12 (c11 + c22 + c12 + c21). Since each of v1 and v2 has an incident vertex of
colour other than 1, 2 (because of the chain 1[1, 2]2), we have () + ()2(− 2). Therefore (G)− 2.
The overall conclusion is that (G). 
3.4. Central colours distinct
The case where there are fewer than four colours at the central elements has been covered above. We now assume
that these colours are distinct and refer to them as the central colours; moreover, we assume that  is a total (+ 1)-
colouring ofG− e with (v1)=1, (s1)=2, (s2)=3, (v2)=4.We refer to this as the standard colour arrangement.
The standard chains (when they exist) are the Kempe chains 1[2, 3]2, 1[1, 3]2, 1[2, 4]2, 1[1, 4]2. The corresponding
Kempe exchanges are standard exchanges; the ﬂips are also considered to be standard exchanges. In moving from  to a
semi-total colouring ofG, we need to consider intermediate semi-total colourings ofG−e. If  is such a colouring, with
four distinct colours a, b, c, d at v1, s1, s2, v2, respectively, we also use the term standard chains for the corresponding
Kempe chains 1[b, c]2, . . . , 1[a, d]2 when they exist.
Lemma 7. Let3 and let  be a semi-total (+1)-colouring ofG−e with distinct colours a, b, c, d at v1, s1, s2, v2,
respectively.
(i) If (G)>− 1 + (), then the standard chain 1[b, c]2 exists.
(ii) If (G)> 2− 3 + (), then all four standard chains exist.
Proof. (i) Consider the Kempe chain 1[b, c]x . If vx = v2, then the G-colouring  + 1(b, c)x has at most  − 1 beta
edges additional to those of the semi-total colouring , so that (G) − 1 + (), contradicting our assumption.
Thus the chain is 1[b, c]2.
(ii) Next, consider 1[a, c]x . If vx = v2, then the new beta edges of the G-colouring  + 1(a, c)x + 1(b, c)1 are at
vx and v1. Thus, (G) − ()(− 1) + c1b2− 3. (Note that the 1[b, c]2 chain found in (i) must pass through a
vertex adjacent to v1 whose colour is not b, so c1b− 2.) This again contradicts our assumption, so there is a chain
1[a, c]2.
Similarly, there is a chain 1[b, d]2.
Now consider the chain 1[a, d]x . If vx = v2, then we consider theG colouring	=+ 1(a, d)x + 1(b, d)1+ 2(c, d)2.
In this case, we have
(	)() + − 1 + c1b + c2c.
However, the chain 1[b, c]2 does not interfere with 1[a, d]x , and may be applied ﬁrst, to obtain the G-colouring
= + 1(b, c)2 + 1(a, d)x + 1(c, d)1 + 2(b, d)2. Here, ()() + − 1 + c1c + c2b. Thus,
(G) 12 ((	) + ())() + − 1 + 12 (c1b + c1c + c2b + c2c).
However, because of the 1[b, c]2 chain, v1 and v2 each have at least one adjacent vertex coloured neither b nor c. Thus,
(G)() + 2− 3. Our assumption is again contradicted, and we conclude that there is a chain 1[a, d]2. Thus, all
four standard chains exist. 
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3.5. Proof of Theorem 3
Let e = v1v2 be a critical edge of G and let  be a total (+ 1)-colouring of G− e. The result follows from Lemma
6 if the central colours are not all distinct, hence we may assume the standard colouring arrangement. Let v3 be the
vertex adjacent to v1 such that (v1v3) = 3. By Lemma 7, if (G)> 3 then all four standard chains exist; thus (v3)
can only be 4. In particular, the chain 1[2, 4]2 exists; it follows that there is a Kempe chain 3[2, 4]x with vx = v2. Then
consider the G-colouring  =  + 3(2, 4)x + 3(2, 3)1. This has at most two beta edges at vx , and there are no beta
edges at v3 because of the standard chains 1[2, 3]2 and 1[1, 3]2. Thus (G)3 as required. 
4. Proof of Theorem 4
Throughout the remainder of the paper, we take G to be a graph of maximum degree  with a critical edge e = v1v2
and  to be a total (+ 1)-colouring of G− e with the standard colour arrangement. We shall also make the following
assumptions:
1.  has the standard chains;
2. the vertices v1, v2 have degree  in G, so that s1, s2 are the only spines of G − e incident with v1 or v2.
Lemma 7 allows us to make the ﬁrst assumption, since the bounds which we are trying to set exceed 2 − 3. The
second assumption is justiﬁed because, if there are spines other than s1, s2 incident with v1 or v2, then we may place a
new vertex at the end of each of these to form a graph H, and clearly (G) = (H).
4.1. Further notation
It is convenient to adopt a notation for the linking edges and the satellite vertices ofG− e. For i =1, 2 we denote the
edges incident with vi by ei,j , where (ei,j )= j ; thus the edges incident with v1 are e1,3, e1,4, . . . , e1,+1, while those
incident with v2 are e2,1, e2,2, e2,5, e2,6, . . . , e2,+1. For each such edge ei,j the incident satellite vertex is denoted by
vi,j . (Thus the second subscript of the symbol for each satellite vertex is the colour of the incident linking edge.) A
(p, q) Kempe chain starting at vi,j and ending at vx is now denoted by i,j [p, q]x .
These labels for identifying linking edges and satellite vertices are deﬁned with respect to the originally given
colouring ; they do not change when Kempe exchanges are used to produce new colourings.
It is also useful to have notation for the elements at the ends of the Kempe chains that start at the central vertices and
spines. Thus, for 2 i + 1 we denote by z1(i) the element (vertex or spine) at the end of the (1, i) Kempe chain
starting at v1 and by Z1 the set {z1(i): 2 i+ 1}; the sets Z2, Z3, Z4 and their elements are analogously deﬁned.
4.2. Fan sequences
Wenow present a construction that extendsVizing’s well-known ‘fan argument’, used to prove his celebrated theorem
on the chromatic index of a simple graph [2]. We begin with some motivating examples.
Example 1. Consider a total colouring  of G − e, with standard colouring arrangement, in which (v1,3) = 5,
(v1,5) = 7, (v1,7) = 9 and (v1,9) = 2. Let  be the colouring obtained from  by exchanging the colours of the
above satellite vertices with those of the respective linking edges. (The overall effect is to cycle vertex colours in one
direction and edge colours in the other.) The spine s1 now acquires the only available colour, so that (s1) = 3 and 
is a G-colouring. We say that the above colour exchange operation is a simple fan exchange, (E), corresponding to
the simple fan sequence E = (e(1), e(2), e(3), e(4)) = (e1,3, e1,5, e1,7, e1,9), with source colour 3 and target colour 2
(because the ﬁrst edge in the sequence has colour 3 and the last edge is incident to a satellite vertex of colour 2).
Given such a sequence of length f, we denote the satellite vertex at e(i) by v(i) (i = 1, . . . , f ).
Example 2. Consider a case in which (v1,4) = 5, (v1,5) = 6, (v1,6) = 7, (v1,7) = 8, and the (8, 1) Kempe chain
starting at v1,7 ends at some vertex vx (or possibly an incident spine). Note that vz cannot be any of v1,4, v1,5, v1,6 since
none of these has colour 1 or 8. Suppose also that v1,7 /∈Z1, so that vx = v1 (Fig. 4.) Here the source colour is 4 and
946 J. Williams, F. Holroyd / Discrete Mathematics 308 (2008) 940–954
v1
s1 s2
v2
1
2 3 4
4
5
5
6
6
7
8
1
7
8
1
v1.4 = v(1)
v1.7 = v(4)v1.6 = v(3)
v1.5 = v(2)
vx
Fig. 4.
v1
s1 s2
v2
1
2 3
4
4
5
5
6
6
7
1
8
vx
7
1
8
v(4)
v(2)
v(1)
v(3)
Fig. 5.
we say that the target colour is 1, because the colour of the satellite vertex at the end of the sequence can be converted
to 1 by a Kempe exchange that does not end at v1.
Let us apply the corresponding exchange and also theﬂips atv1 andv2, to obtain=+ 1,7(8, 1)x+ 1(1, 2)1+ 2(3, 4)2
(Fig. 5).
We may now (as before) apply the exchange (E′), where E′ = (e1,4, . . . , e1,7), to obtain a G-colouring , where
(s1) = (s2) = 4.
If the Kempe chain starting at v1,7 had instead been an (8, 2) chain not ending at s1 (so that v1,7 /∈Z2), then we could
obtain a G-colouring just as above except that we would not use the ﬂip 1(1, 2)1.
Thus the availability of the ﬂips at v1, v2 allows us to accept that a simple fan sequence may have e(1) = e1,3 or
e1,4, and that e(f ) may be any edge incident with v1 provided that the satellite vertex v(f ) is active; that is, either
(v(f ))= 2 or v(f ) /∈Z1 ∩Z2 (so there is a Kempe chain not ending at v1 or s1 that will bring one of the colours 1, 2
to v(f )).
Finally, we may as well assume that a fan sequence is as short as possible, so that it ends at an edge whose incident
satellite vertex is the ﬁrst active vertex encountered.
Formally, we make the following deﬁnitions.
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Let e=v1v2 be a critical edge ofG and let  be total (+1)-colouring ofG−ewith the standard colour arrangement.
A simple fan sequence for (G, ) with source colour s and target colour t is a sequence E = (e(1), . . . , e(f )) of edges
incident with v1 (whose satellite vertices we denote by v(1), . . . , v(f ), respectively) such that:
1. s = 3 or 4 and t = 1 or 2;
2. (e(1)) = s, that is, e(1) = e1,s and v(1) = v1,s ;
3. (e(i)) = (v(i − 1)) i = 2, . . . , f );
4. either (v(f )) = t = 2 or v(f ) /∈Zt ;
5. E is minimal with the above properties; that is, if i < f then (v(i)) = 2 and v(i) ∈ Z1 ∩ Z2.
Given such a fan sequence, if (v(f )) = 2 then the ((v(f )), t) Kempe chain starting at v(f ) is the trigger chain
for E. The corresponding Kempe exchange is the trigger exchange for E. (Property 5 above automatically implies that
the trigger chain cannot end at v(h) for any h<f , hence this need not be speciﬁed in Property 4.)
4.2.1. The proof of Theorem 4
First we establish some properties of simple fan sequences, including a bound on the length of the shortest such
sequence. Then we use these to ﬁnd a bound on (G) in terms of. In the lemma below, the end vertex of a fan sequence
is the satellite vertex at the last edge of the sequence; the satellite vertices at the other edges are the non-end vertices.
Lemma 8. Let G − e,  obey the conditions stated at the start of the section. Then:
(i) there are unique simple fan sequences E,E′ with source colours 3, 4, respectively;
(ii) if v(i) is a non-end vertex of either sequence, then the ((v(i)), 1) and ((v(i)), 2) Kempe chains starting at v(i)
contain the edge e(i + 1), that is, v(i) = z1(c) = z2(c), where c = (v(i));
(iii) if v is a non-end vertex of either sequence, then (v)> 4;
(iv) the edges of E (respectively, E′) are distinct and E ∩ E′ = ∅;
(v) the trigger chain of E (respectively, E′), if it exists, does not end at a non-end vertex of E (respectively, E′).
Proof. (i) Properties 3 and 5 guarantee that the two simple fan sequences are uniquely deﬁned.
(ii) Since v(i) ∈ Z1 ∩ Z2, each of the indicated chains must use an edge incident with v1 and of colour (v(i)); the
only such edge is e(i + 1).
(iii) By deﬁnition (v) /∈ {1, 2}, and our assumption that the standard chains exist implies that, if (v) ∈ {3, 4}, then
v /∈Z1 ∩ Z2, contradicting property 5 above.
(iv) Suppose that the edges of E are not distinct; let e(a) be the ﬁrst edge in E that is equal to a later edge e(b). Let
c = (e(b)) = (v(b − 1)) = (e(a)); by (iii), c > 4 and so a > 1. But then (v(a − 1)) = c and so v(a − 1) = v(b −
1) = z1(c) = z2(c) by (ii). Hence e(a − 1) = e(b − 1), contradicting the assumption that e(a) is the ﬁrst edge equal to
a later edge. Thus the edges of E (and similarly of E′) are distinct.
Now suppose e(a) is the ﬁrst edge of E that is equal to an edge e′(b) of E′. Again letting c be the common colour, a
contradiction is obtained.
(v) The trigger chain v(f )[c, t]x cannot end at v(i) (i < f ) since (v(i)) = t by part (iii), and if (v(i)) = c, the
(c, t) chain from v(i) must end at v1 and not at v(f ). 
Corollary 9. The shorter of E and E′ has length at most 	 12 (− 1)
.
Proof. This follows directly from part (iv). 
Lemma 10. Let (G)4, let  be a total colouring of G − e with standard colouring arrangement, and let E =
(e(1), . . . , e(f )) be a simple fan sequence. Then there is a sequence of Kempe exchanges that reduces  to a G-
colouring  with ()(f + 2)(− 3) + 3.
Proof. Recall that we assume the existence of all four standard chains.
Let c = (v(f )) and let (T ) denote the trigger exchange v(f )(c, t)x . We interpret (T ) as ‘do nothing’ if c = 2.
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Four cases arise according to the values of the source and target colours. The most complicated case (and also the
one with the highest bound) occurs when the source and target colours are s = 4, t = 1 (requiring both ﬂips), so we
shall deal only with this case; it is straightforward to adapt the proof to deal with each of the other three cases.
In the above case we deﬁne the semi-total colouring 	 as follows:
	= + 1(1, 2)1 + 2(3, 4)2 + (T ).
Now let  = 	 + (E) where (E) is the operation of exchanging 	(e(i)) with 	(v(i)) for i = 1, . . . , f then letting
(s1) = 4. It is straightforward to check that  is a G-colouring; it remains to bound ().
The only possible beta edges can be at v1, v2, the vertices v(i) on the fan sequence, and vx .
Consider ﬁrst the vertices v(1), . . . , v(f ). The linking edges are never beta edges and, owing to the existence of the
standard chains, at least two of the non-central vertices adjacent to v(1) are not coloured 4 = (v(1)). Moreover, for
i = 1, . . . , f − 1, the ((v(i)), 1) and ((v(i)), 2) chains starting at v(i) use the edge e(i + 1) (by Lemma 8); thus for
j = 2, . . . , f , at least two non-central vertices adjacent to v(j) are not coloured (v(j)) = (e(j)). Therefore there
are at most f (− 3) beta edges incident with the vertices on the fan sequence.
There are at most − 1 beta edges incident with vx , and therefore
()(− 1) + f (− 3) + c12 + c23 = (f + 1)(− 3) + 2 + c12 + c23. (1)
Now let 1 =  + 1(2, 3)2. We argue exactly as above, with the roles of the colours 2 and 3 at v2 exchanged, to
produce a G-colouring 1 with
(1)(f + 1)(− 3) + 2 + c13 + c22. (2)
The existence of the standard chains implies that neither colouring  or 1 can give colour 2 or 3 to the vertex v2,2 or
the vertex v1,3. Thus c12 + c13− 2 and similarly c22 + c23− 2. Now let =  or 1 depending on which has
the lower beta value. Then (1) and (2) give
() 12 (() + (1))
(f + 1)(− 3) + 2 + 12 (c12 + c13 + c22 + c23)
(f + 2)(− 3) + 3.
This completes the proof for the case when s = 4, t = 1; the other cases may be derived easily from the above, using
the following initial settings of 	:
for s = 3, t = 1:	= + 1(1, 2)1 + (T ),
for s = 4, t = 2:	= + 2(3, 4)2 + (T ),
for s = 3, t = 2:	= + (T ). 
Proof of Theorem 4. Let (G)4. By Corollary 9 and Lemma 10, (G)(	 12 (− 1)
 + 2)(− 3) + 3.
Simplifying for each parity gives the required result. 
5. The proof of Theorem 5
5.1. Introduction
The fan sequences considered in Section 4 consist entirely of edges incident with v1. We could clearly have used
edges incident with v2 instead.We now show how to use sequences that contain edges incident some with v1 and some
with v2, introducing this idea with an example.
Example 3. Fig. 6 depicts part of a colouring  of G − e with the standard colour arrangement. There is an (11, 4)
Kempe chain [T ] = 1,10[11, 4]x where vx = v2.
The sequence (e1,3, e1,5, e2,6, e2,7, e2,8, e1,9, e1,10) = (e(1), . . . , e(7)) is a fan sequence in the sense that the colour
of each edge except the ﬁrst is that of the satellite vertex incident at the previous edge of the fan. We say that it is a
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general fan sequence and partition it into three segments:E1 = (e1,3, e1,5),E2 = (e2,6, e2,7, e2,8) andE3 = (e1,9, e1,10),
each incident with just one central vertex.
We now convert  into a prepared colouring, 	. That is, ﬁrst we apply (T ), to bring the target colour, 4, to v(f ); then
we apply the standard exchanges 2(3, 4)2 and 1(2, 4)2, to bring the source colour, 3, onto the central vertex to which
e(1) is not incident and the target colour onto the central spine to which e(f ) is incident. We obtain 	 =  + (T ) +
2(3, 4)2 + 1(2, 4)2, which has the above properties. (If  =  + (T ) does not admit the standard exchange 1(2, 4)2,
then by Lemma 7 (G)2− 3+ ()3− 4.) Next, we apply (E3), exchanging vertex and edge colours; we ﬁnd
that the colour to be allocated to s1 is 9 (Fig. 7).
Thus, 	1 = 	+ (E3) is a semi-total colouring with central colours a = 1, b = 9, c = 2, d = 3. By Lemma 7, either
there is a chain 1[b, c]2 or (G)2− 3 + (	1). Thus we assume that such a chain exists, apply the corresponding
exchange (which we term a side switch) and obtain the colouring 	2 depicted in Fig. 8.
Note that 	2 is a prepared semi-total colouring in relation to the new fan sequence (e(1), . . . , e(5)), which still
has the same source colour, 3, on the appropriate vertex and now has a new target colour, 9, both on v(5) and on s2.
Moreover, the new fan sequence has just two segments.
Continuing, let 	3 =	2 + (E2); then either there is a chain 2[6, 2]1 or (G)2−3+(	3). Assuming the former
and applying the corresponding side switch, we obtain a colouring with the simple fan sequence E1, which we know
can be applied to give a G-colouring.
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The proof of Theorem 5 has three phases:
1. Formalise the above argument, to show that a general fan sequence will produce a G-colouring.
2. Show that a general sequence does indeed exist and ﬁnd an upper bound to the length of a shortest such sequence.
3. Bound (G) in terms of this length.
5.2. General fan sequences and G-colourings
Let 	 be semi-total colouring of G− e. A general fan sequence for 	, with source colour s and target colour t, is a
sequence of linking edges, E = (e(1), . . . , e(f )), whose satellite vertices we denote by v(1), . . . , v(f ), respectively,
such that:
1. s and t are distinct central colours;
2. 	(e(1)) = s;
3. 	(e(i)) = 	(v(i − 1)) (i = 2, . . . , f );
4. either 	(v(f )) = t or v(f ) /∈Zt ;
5. E is minimal with the above properties; that is, if i < f , then 	(v(i)) /∈ {1, . . . , 4}\{s} and v(i) ∈ Zj (j ∈
{1, . . . , 4}\{s}).
The trigger chain and exchange are deﬁned as for simple fan sequences.
Such a sequence may be partitioned into l segments, or subsequences E1, . . . , El , each incident with just one central
vertex. For i=1, . . . , l we set ki such that e(ki) is the ﬁrst element ofEi . Thus k1=1 and (supposing that e(1) is incident
v1), the edges e(1), e(2), . . . , e(k2 − 1) are incident with v1; e(k2), . . . , e(k3 − 1) with v2; and ﬁnally e(kl), . . . , e(f )
are incident with vq where q = 1 or 2 according to the parity of l.
We say that 	 is a prepared colouring for E if:
1. 	(v(f )) = t (so that the trigger exchange is ‘do nothing’);
2. 	(vp) = s where vp is the central vertex to which e(1)) is not incident;
3. 	(sq) = t where sq is the central spine to which e(f ) is incident.
The colour u = 	(s3−q) (that is, the colour on the central spine that is not incident to e(f )) is signiﬁcant in the
arguments that follow, though we choose not to introduce a further piece of terminology.
Lemma 11. Let  be a total ( + 1)-colouring of G − e and suppose that E = (e(1), . . . , e(f )) is a general fan
sequence. Then either (G)2− 3 or there is a semi-total colouring 	 which is a prepared colouring for E.
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Proof. Let s, t be the source and target colours of E.
If (v(h) = t , then we use the trigger exchange to bring t to that vertex. By using (if necessary) a ﬂip at the central
vertex vp not incident with e(1), we bring s to vp.
By Lemma 7, if (G)> 2 − 3, then all four standard chains exist and we may use one of them (if necessary) to
bring t to the central spine to which e(f ) is incident.
The resulting colouring 	 is a prepared colouring for E. (Note that the colour u mentioned above is a central colour
distinct from s, t .) 
Lemma 12. Let	 be a prepared colouring for E. Letp, q be as in the deﬁnition of prepared colouring and u=	(s3−q).
(i) If l = 1, then 	+ (E) + (F ) is a G-colouring (where (F ) is the ﬂip at vp).
(ii) If l > 1, let = 	+ (El) + (Sl) where (Sl) = q(	(e(kl)), u)x . If (Sl) does not end at the central spine s3−q (i.e.,
x = 3 − q), then  is a G-colouring; otherwise, (Sl) is a side switch and  is a prepared colouring for the general
fan sequence (E1, . . . , El−1).
Proof. If l = 1 then E is a simple fan sequence, and part (i) follows as in the proof of Lemma 8. (Note that (F ) brings
the source colour to the spine sp.)
To prove part (ii), consider the semi-total colouring 	 + (El). Recall that El = (e(kl), . . . , e(l)) and the effect of
(El) is to exchange the colours on the edges in El with those on the corresponding satellite vertices and to give the
colour 	(e(kl)) to the spine sq . Since 	(s3−q) = u, it follows that  is indeed a G-colouring if x = s3−q ; otherwise,
q(	(e(kl)), u)3−q is a side switch.
In the latter case, (v(kl − 1)) = 	(e(kl)) = (s3−q), while (sq) = u and (vp) = 	(vp) = s. Thus,  is a prepared
colouring for (E(1), . . . , E(l − 1)) with source colour s and target colour (v(kl−1)) = (s3−q). 
Lemma 12 has the following immediate corollary.
Corollary 13. If l > 1, then either:
(i) for some s < l, 	+ (El) + (Sl) + · · · + (Es) + (Ss) is a G-colouring, or
(ii) 	+ (El) + (Sl) + · · · + (E1) + (F ) is a G-colouring. 
Remark 1. In case (i) above, any beta edges are at: the vertex at the end of the original trigger chain; the vertex at the
end of [Ss]; the central vertices; and the satellite vertices at the edges inEs ∪· · ·∪El . In case (ii), they are at: the vertices
at the end of the original trigger chain; the central vertices; and the satellite vertices at the edges in E1 ∪ · · · ∪ El .
5.3. The length of the shortest general fan sequence
Let  be a total (+ 1)-colouring of G− e. If v is a satellite vertex and j ∈ {1, . . . , 4}, then v is said to be j-active if
either (v) ∈ {1, . . . , 4}\{j} or v /∈Zk for some k ∈ {1, . . . , 4}\{j}. Thus, condition 5 in the deﬁnition of a general fan
sequence may be rephrased: e(f ) is the ﬁrst edge of the fan sequence incident with an s-active vertex. Provided that
the edge e of the original graph G is non-triangular, the satellite vertices adjacent to v1 are distinct from those adjacent
to v2. This allows us to show that (if e is non-triangular) there is a general fan sequence of length O(log2()), leading
to an O( log2()) bound on .
For each j = 1, . . . , 4 consider the sequence (Ej (1), . . . ,Ej (fj )) of sets of edges, and the sequence (Vj (1), . . . ,
Vj (fj )) of sets of vertices, deﬁned as follows. (In the deﬁnition below we use (S) to mean {(s): s ∈ S}.)
Ej (1) is the singleton comprising the unique linking edge of colour j (so it is at v1 if j ∈ {3, 4} and at v2 if j ∈ {1, 2});
andVj (1) is the singleton comprising the incident satellite vertex. Subsequent terms are deﬁned as follows: If any one
of the vertices inVj (i) is j-active, then set fj = i and stop. Otherwise, deﬁne Ej (i + 1) to be the set of linking edges
with colours belonging to (Vj (i)), andVj (i + 1) to be the set of incident satellite vertices.
Remark 2. The construction of the Ej ensures that for each j = 1, . . . , 4 there is at least one fan sequence of length
fj , ending at the linking edge incident with the j-active vertex that terminates the sequence.
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Lemma 14. No vertex v ∈Vj (i) (j = 1, . . . , 4, i = 1, . . . , fj − 1) can have a central colour.
Proof. Certainly no such vertex can have a central colour other than j; for otherwise it would have halted the sequence
at Ej (i). Moreover (recalling our standing assumption that the standard chains exist) such a vertex cannot have colour
j either. For assume (v)= j . Let k = 5− j , so that by Lemma 7 there is a standard chain 1[j, k]2 or 2[j, k]1. Thus the
(j, k) chain from v cannot end at a central vertex and so v is j-active, giving a contradiction. 
Lemma 15. If (j1, a) = (j2, b) then Ej1(a) ∩ Ej2(b) = ∅.
Proof. Suppose otherwise; letabe the least positive integer such that there exist (j2, b) = (j1, a)withEj1(a)∩Ej2(b) =
∅. Let e ∈ Ej1(a) ∩ Ej2(b). We argue somewhat as in the proof of Lemma 8.
We cannot have a = b = 1, so b> 1. If also a > 1, then there are vertices v ∈ Vj1(a − 1), w ∈ Vj2(b − 1) with
(v) = (w) = (e). Now let k ∈ {1, . . . , 4}\{j1, j2}; then v is not j1-active and w is not j2-active; hence v,w ∈ Zk
and so v = w = zk((e)). But our supposition concerning a implies v = w.
If a = 1 then (w) = (e) = j1, contradicting Lemma 14.
Thus Ej1(a) ∩ Ej2(b) = ∅. 
Lemma 16. Let  be a total colouring of G− e with standard colour arrangement. Suppose that (G)> 2−3 and e
is a non-triangular edge of G. Then there are four pairwise disjoint general fan sequences, the shortest having length
at most 	log2(+ 1)
 − 1.
Proof. By Remark 2 and Lemma 15 there are four pairwise disjoint general fan sequences of lengths f1, . . . , f4,
respectively. By Lemma 14 each element ofVj (i) (i < fj ) has a non-central colour, so that |Ej (i + 1)| = 2|Vj (i)| =
2|Ej (i)|. It follows that
fj∑
i=1
|Ej (i)| = 2fj − 1
and so, by Lemma 15,
∑4
j=1(2fj − 1)2( − 1) or equivalently,
∑4
j=12fj−1 + 1. Thus, for some j we have
2fj+1+ 1, that is,
fj 	log2(+ 1)
 − 1
as required. 
5.4. Bounding (G)
We have a bound for the length l of a general fan sequence that is logarithmic in, and it is clear that the G-colouring
produced by the process described in Section 5.2 changes the colours of at most l satellite vertices and possibly also the
central vertices and up to two other vertices. This gives for (G) a log-linear bound in . The purpose of this section
is to give more precision to this bound.
Lemma 17. If the shortest fan sequence is of length f, then each central vertex is adjacent to at least 2f − 2 satellite
vertices whose colour is not a central colour.
Proof. By Lemma 14, none of the vertices in the setsVj (i) (j = 1, . . . , 4, i = 1, . . . , fj − 1) has a central colour.
There are at least 4(2f−1 − 1) of these, of which there are at least 2(2f−1 − 1) = 2f − 2 adjacent to each central
vertex. 
There is a subtlety concerning the number of beta edges at a satellite vertex in the context of a general fan sequence;
we deal with this next.
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Lemma 18. Let  be a total colouring ofG−e and letE=(e(1), . . . , e(f )) be a general fan sequence. For i=1, . . . , f
let c(i) denote the number of non-central vertices v that are adjacent to v(i) and have (v) = (e(i)). Then either
(G)3− 5 or c(i)− 3 (1 if ).
Proof. We may assume without loss of generality that e(1) is incident with v1. We further assume e(1) = e1,4, since
this case generates more possible beta edges than the case e(1) = e1,3.
By Lemma 7, either (G)2− 3< 3− 5 or all four standard chains exist. Assume the latter; then the existence
of 1[1, 4]2 and 1[2, 4]2 implies c(1)− 3.
Now let 2 if and let m = (e(i)) = (v(i − 1)). There are two cases to consider.
Case 1: v(i) is adjacent to v1. Assume (G)> 2− 3. Then by Lemma 8 the (m, 1) and (m, 2) chains from v(i − 1)
contain e(i) and so the non-central vertices adjacent to v(i) along edges coloured 1 and 2 do not have colour m; thus
c(i)− 3.
Case 2: v(i) is adjacent to v2. Let w, x, y denote, respectively, the vertices adjacent to v(i) along the edges coloured
2, 3, 4. Arguing as above, if (G)> 2− 3, then (x) = m.
We now show that at least one of (w), (y) = m. Assume otherwise; then (y) = m and there is a Kempe
chain 2[4,m]y , containing just two edges. Now v(i − 1) is not 4-active; thus there is a chain p,q [m, 2]1 (where
vp,q = v(i −1)). Moreover, since (w)=m, this chain cannot use the edge e(i) and is therefore disjoint from 2[4,m]y .
Then  =  + 2(3, 4)2 + 2(4,m)y +p,q(m, 2)1 is well deﬁned and is a G-colouring (the spines s1, s2 having colour
m). Moreover,  has at most − 1 beta edges at each of y and vp,q , at most − 3 beta edges at v2, and no other beta
edges. Thus, (G)3− 5. Hence, either this inequality holds or (x) = m and c(i)− 3. 
Proof of Theorem 5. Let  be a total colouring of G− e. We may assume (G)3− 5> 2− 3 since the required
bound exceeds 3 − 5. Thus by Lemma 16 there is a general fan sequence E = (E1, . . . , El) of length at most
f = 	log2(+ 1)
 − 1. Assume without loss of generality that e(1) is at v1 so that s = 3 or 4.
ByLemma11and the above assumption there is a prepared colouring	.ThusbyCorollary 13 there is aG-colouring,.
It remains to bound (); we consider the two cases of Corollary 13.
Case (i) The largest bound here occurs when 	 + (El) + · · · + (E2) + (S2) is a G-colouring and E1 = {e(1)}. In
this case (see Remark 1) f − 1 satellite vertices have changed colour, with at most − 3 beta edges at each, while the
vertices at the ends of the original trigger exchange and the exchange (S2) each contribute at most  − 1 beta edges.
Finally there may be beta edges at the central vertices.
By construction, (v2) = s. Let r = (v1); then we obtain the bound
()(f − 1)(− 3) + 2(− 1) + c1r + c2s .
Now let 	1 = 	+ 1(r, s)2; as usual, we may suppose this exchange exists. The sequence E is unaffected except that r
becomes the source colour (but the edges are as before). Arguing as above, we obtain a G-colouring 1, with the bound
(1)(f − 1)(− 3) + 2(− 1) + c1s + c2r .
Thus (as in the proof of Lemma 10) we obtain
(G)(f − 1)(− 3) + 2(− 1) + 12 (c1r + c1s + c2r + c2s).
But by Lemma 17, cir + cis− 1 − 2f + 2 (i = 1, 2), and thus
(G)(f − 1)(− 3) + 3(− 1) − 2f + 2. (3)
Case (ii) In this case all the (Si) are side switches, the number of beta edges not at central vertices is bounded by
f (− 3)+ (− 1), and the treatment of the central vertices is as above. The resulting bound on (G) is less by 2 than
in Case (i).
We now recall f 	log2(+1)
−1 from Lemma 16. It is straightforward to check that the bound (3) is maximised
subject to the above constraint when f =	log2(+ 1)
− 1, so that f + 2> log2(+ 1), giving 2f > 14 (+ 1). Thus,
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after simpliﬁcation,
(G)(− 3) log2(+ 1) + 34+ 5,
as required. 
6. Using + 2 colours
A referee has kindly suggested that one should consider the hypothetical case where e is a critical edge for a graph
G relative to colouring with  + 2 colours, so that T (G)> + 2 and T (G − e) =  + 2. A strikingly low bound
here might possibly indicate a way to attack the total colouring conjecture.
It is possible to conduct the whole of the above analysis while ‘pretending’ that (G) is increased by 1, merely by
adding a further spine to each vertex. This does indeed give a signiﬁcantly (but not dramatically) lower bound on the
beta parameter. The crucial observation is that after cutting the edge e, the vertices v1 and v2 now each have two spines.
Thus there are now six central colours, giving rise to six rather than four disjoint colour sequences, so that (broadly
speaking) the bound on the length of the shortest fan is decreased to 23 of the value in Section 5, and consequently
so is the bound on the beta parameter. It would be interesting to know whether a thoroughgoing investigation would
improve this conclusion.
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